This paper is aimed at showing how prices can have the martingale property (MP) even when arbitrage opportunities exist. It is …rst recalled that arbitrage opportunities can be introduced if one suppose that some (few) Arrow-Debreu securities do not increase agents' preferences. Viability can indeed be de…ned with this kind of preferences and pricing measures still exist but may be signed.
The martingale property of prices when arbitrage opportunities exist
Introduction
Modern …nancial theory is largely predicated on the no arbitrage assumption (NA). However, for some reasons we develop in the sequel, it is interesting to think about the properties of a theory with arbitrages. For instance, Battig and Jarrow, (Battig and Jarrow 1999) , have shown that a proper de…nition of completeness could be found such that arbitrages and completeness may coexist. Our paper investigates an other typical property linked to NA, namely: can prices have the martingale property when arbitrage opportunities exist?
Because the martingale property only relies on the absence of some conditional cash and carry arbitrages, our main result is that prices can still have the martingale property under any compatible pricing measure even if these measures may be signed.
Let us now precise our reasoning. While the revolution in …nancial theory was initially sparked by the seminal work of Black and Scholes (Black and Scholes 1973) , and Merton (Merton 1973) , the …rst theoretical formulation of the fundamental theorems did not emerge until later, with Harrison and Kreps (Harrison and Kreps 1979) , and then Harrison and Pliska (Harrison and Pliska 1981) , who unravelled their far-reaching implications. Since then, a great deal of research has been done in order to precise these path break-ing results (see for instance (Battig and Jarrow 1999) and (Delbaen and Schachermayer 1997) and the reference therein). Underpinning both these theorems is the no-arbitrage assumption. In the …nite state case, this assumption posits roughly that it is impossible to construct a self-…nanced portfolio strategy with zero initial price, such that (1) there is a …nite date T when the value of the strategy is never strictly negative and, in addition,
(2) there is at least one state of the world for which the value of the strategy is strictly positive. It is striking to note the sharp contrast between the trivial aspect of this assumption and the wealth of results it delivers. Since the presence of arbitrages appears incompatible with the existence of an equilibrium, there seems little point in reasoning otherwise than in arbitrage-free terms.
Then several comments have prompted us to put this initial conclusion into perspective. The …rst of these is merely an observation. One of the many professions in the …nance industry is that of the arbitrageur, who actually earns his living by exploiting temporary price misalignments. This pro…table business is living proof that arbitraging, even marginal, exists in …nancial markets, thereby challenging the (NA) property. Furthermore, Shleifer and Vishny (Shleifer and Vishny 1997) pointed out that, in general, …nancial market practitioners are intermediaries who rarely invest their own money. In other words, they are often faced with an agency problem in which the principal is the owner of the capital and they are the agents. It may occur that the agent o¤ers his counterpart an arbitrage under the constraint of a badly informed principal. However, even if other arguments could be developped (presence of costs, disagreements on possible state of natures, etc.) we avoid the debate and choose a shortcut to introduce arbitrages in the market.
In the framework developed in the seminal paper by Harrison and Kreps, (Harrison and Kreps 1979) (HK in the sequel), the simplest way to allow for arbitrages is indeed to de…ne agent's preferences as if they were not increased by the addition of some Arrow-Debreu security. This amounts to modifying the preference cone, K, of the agents and, particularly, not to suppose that the set of assets with positive terminal value, X + ; is included in K. Viability is then de…ned with respect to K while arbitrages remain de…ned with respect to X + . This is the key point of the coexistence of viability and arbitrage.
The paper is constructed as follows. In the …rst section, the construction of the pricing measure is recalled. This measure is shown to be signed, being no longer a probability. The study of the martingale property is carried out in the second section. The fact that the martingale property only relies on some generalized cash and carry arbitrages is detailed and lead to our principal statement. An existing result on martingales under a signed measure makes it possible to identify the necessary loss of information of the price system under consideration. The third section of this study con- This …rst section follows the steps of HK to …nd an extension of ¼ to all non marketed claims of X, typically options.
Agents and their preferences
Agents are characterized by their preferences on X. These preferences are represented mathematically by a binary relation on X denoted %. As usual, % is supposed to be complete, transitive, convex and L 2 continuous.
A crucial point in the de…nition of % is the set of goods that systematically increases the agent's welfare. This set is supposed to be a cone K of X, de…ned by
which typically traduces the non satiety of agents. De…ne
and R +´f x 2 X : x = r a:s:g ; where r is a strictly positive real number. X + is the set of consumption bundles that never decrease wealth and sometimes increase it while R + is the set of consumption bundles that always increases wealth. While the standard approach builds on the formal identi…cation of K with X + ; we do not suppose that
is still necessary to assume that
which means that a strictly positive constant gain still increases preferences.
Furthermore, the technical assumption K \ M 6 = ; still holds. It basically states that the agent can …nd, in the set of marketed consumption bundles, one that increases his welfare.
Viability and separating measure
Without loss of generality, one can assume that agents have zero initial endowment. This means that their budget constraint simply reads:
The viability of such a price system can now be de…ned.
De…nition 1 (Viability) If there is one agent whose preferences % satisfy all above assumptions and such that there exists a consumption bundle m ¤ 2 M satisfying
then the market is said to be viable.
The viability assumption ensures that at least one agent, whose preferences satisfy the preceding assumptions, is able to reach optimal consumption within its budget constraint. One core result of pricing theory can now be stated. 3 Pricing measure and the martingale property 3.1 Positiveness of the pricing measure Building on Ã it is possible to de…ne a measure ¹ on F T by stating
where 1 A is the characteristic function of the set A. Because of assumption
(1)
which implies that ¹ is a not a measure of null mass. This is crucial in order for a riskless asset to be well de…ned. However, because some sets of X + are not in K, there may exist some A of F T such that 1 A = 2 K and
These measures ¹ are thus not necessarily positive and can no longer be identi…ed with probability measures. Such measures are called signed measures and one is now limited to the notion of compatible pricing measure.
Do price processes have the martingale property?
Fortunately, the notion of martingale under a signed measure can be de…ned. One natural de…nition (see Ruiz de Chavez, (de Chavez 1982) ) is the following:
De…nition 3 Let ³ -; F; P; (F t ) t¸0´a …ltered probability space. Let ¹ be a signed measure such that ¹ << P . Let
Suppose now that an asset with price Z t at date t · T belongs to M.
Keep in mind that the classical reasoning for the martingale property is rooted in the absence of contingent cash and carry arbitrages. The good news is that, even in our framework, assumption (1) is su¢cient to maintain this martingale property. In fact a Contingent Forward Strategy can be de…ned as follows:
De…nition 4 (Contingent Forward Strategies) A strategy will be called a Contingent Forward Strategies (CF S) if its pay-o¤ is of the type
where T 2 and T 1 are two arbitrary dates T 1 · T 2 · T and A is a F T 1 measurable event.
We are now in a position to state our main result.
Theorem 5 If the market is viable and if all CFS belong to M then Z is a martingale under any compatible pricing measure ¹:
Proof. See appendix B
Loss of information
Although mainly considered as a mathematical curiosity, martingale processes under a signed measure have been addressed in the mathematical literature. Of particular interest is a theorem developed by Ruiz de Chavez (de Chavez 1982).
Theorem 6 (Ruiz de Chavez) Let ³ -; F; P; (F t ) t¸0´b e a …ltered probability space and Z a P continuous semi martingale with quadratic variation [X; X] t = t: Let ¹ << P be a signed measure with density X. Denote by
(1) either ¹ (1) = 0; which means that the mass of the measure is equal to zero,
or 1 ¹(1) £ ¹j Gt is a probability measure under which Z is a Brownian motion.
Proof. See Ruiz de Chavez (de Chavez 1982).
The Ruiz de Chavez theorem, which is indeed curious at …rst glance,
suggests that …ltering by a signed measure results in a signi…cant loss of information. In fact, in case (2), the signed measure ¹ restricted to the observation of the process, i.e. to (G t ), is actually a probability measure.
It therefore seems -quite naturally -that the martingale property under a signed measure is basically unobservable. In other words, information loss is inherent to the model.
These startling e¤ects need to be illustrated by a model. Now consider the Wiener space in which (B t ) is a standard Brownian motion and a date T . The idea is to introduce a signed measure of the form
where
Because » is not necessarily positive, P » is a measure of …nite mass but with negative values. However, it is possible to compute quite easily the conditional density X t = E (» (B T ) =F t ) as
Formally, one would now like to apply a Girsanov transformation in order for the solution of dW t = dB t ¡ ¹ (W t ; t) dt to be a P » Brownian motion.
This can be made by carefully introducing (W t ) as a limit of a well de…ned sequence of processes thanks to the principal value theory. More precisely:
Theorem 7 Let n be a positive integer and (W n t ) 0·t·T such that
W t , P ¡a.s. The process (W t ) 0·t<T is a Brownian motion under the signed measure P » . For notational purpose, we will say that W t is equal to
Proof. See appendix C.
Examples and simulations 4.2.1 A simple and tractable family of processes
Let us now go one step further and derive a particular tractable model in
order to understand what is going on with this kind of martingales. In order to do that, it is interesting to express » in the basis of Hermite polynomials
In this case, all processes of the form
are Brownian motions under P » ; as shown in Appendix D:
These measures can become negative for certain values of the parameters. This is a particularly interesting feature for our purpose, whereas it constitutes a drawback for their use in statistics. Note also that the coef…cient a n is proportional to the n th cumulant of » which provides with an interesting understanding of the law ».
Let us now consider a very simple example of the preceding family in order to better understand the ongoing phenomena.
Example
Consider
where K u 2 R, is the kurtosis of » and H 4 (x) = x 4 ¡ 6x 2 + 3: Formula (4) reads ¹ (W t ; t) = 1 6T
5)
» is plotted in …gure 1 in the case where K u = ¡50 and T = 1.
Insert …gure 1
This density » goes negative for some values of the returns at date 1.
For all t · 1; the conditional density is null if the denominator of equation (5) is equal to zero. This determines four frontiers around which the sign of X t changes. These frontiers are parametrized by
Along these lines, X t is equal to zero. Next to them, the trend behaves as 1 x where x is the distance between the process and the frontier. This means that the process bounces away from the frontier whenever it comes close to it. Figures 2, 3 and 4 now reproduce di¤erent trajectories for W t ; depending on their initial values, based on the same underlying drawing of B t .
Insert …gures 2, 3 and 4
In the light of these simulations, the creation of zones that the process cannot enter can clearly be observed. The process rebounds in 1 x when approaching a nullity zone that it does not cross. When the process is in one of the zones de…ned by the parabola branches, it is naturally con…ned to that zone and cannot penetrate other zones.
Taking statistics on the processes, one should note with surprise that they exhibit the main characteristics of a Brownian motion, i.e. the increments are normally distributed and non-correlated. And yet the only way this process can be made martingale is to view the problem using the signed measure introduced earlier. This property is the statistical consequence of the Ruiz de Chavez theorem. The fact that agents place a negative value on certain states of the world means, in this example, that the price process will not realise those states. Negatively priced Arrow-Debreu securities therefore never deliver their payo¤ in such a market. As a result, some arbitrages may end up as virtual.
It is interesting to note the similarities between the characteristics of the simulated process and a certain phenomenology introduced by advocates of chartist e¤ects in …nance. Once the process is con…ned to one zone, the frontiers of that zone behave as support points and resistance levels. This typically corresponds to a chartist viewpoint, which holds that prices cannot cross certain zones at certain times.
Conclusion
While many results of pricing theory seem to be intrinsically related to the No Arbitrage assumption, it is interesting to investigate those results that still hold even if NA does not. In this paper, we have shown how the martingale property could coexist with arbitrages opportunities.
These arbitrage opportunities have been introduced thanks to a modi…cation of the agents' preferences so that some Arrow-Debreu securities do not increase preferences. This may be seen as a trick to avoid the full problem of determining why those Arrow Debreu securities do not increase preferences. In fact, a uni…ed approach should necessarily de…ne costs (gathering information, work, etc.) arising when one deals with those …ne tuning arbitrages which need a great deal of work to be realized. This integration of costs is of course the natural next step after this study.
Then because the martingale property only relies on the absence of some conditional cash and carry arbitrages, we show that prices can still have this property under any of these so called signed measures. A study of a family of processes that have the martingale property under a signed measure is constructed. Their study reveals an interesting phenomenology, qualitatively close to some stylized facts of technical analysis even if no explicit link is made.
A Proof of theorem 2
((=) Suppose that there exists a K increasing Ã such that Ã j M = ¼; one can de…ne % on X in the following way
because Ã is linear and continuous, % clearly satis…es all assumptions of completeness, transitivity, convexity and continuity. Furthermore, 0 is an optimal consumption in the sense of (2) : (M; ¼) is thus a viable price system.
(=)) (the interesting implication).
Existence of Ã.
Because (M; ¼) is viable, we are in a position to de…ne P as the set of all consumptions preferred to the optimal consumption m ¤ of the agent
Let B denote the set of consumptions satisfying the budget constraint
Now, the viability condition is Remark that, because K ½ P; Ã is K strictly positive.
The restriction of Ã to M is equal to ¼.
Because M \ K 6 = ;; we can choose m 0 in M \ K: Viability implies 
B Proof of theorem 5
Remark that any CF S pay-o¤ can be duplicated thanks to the following strategy called cash-and-carry:
² borrow Z T 1 at date T 1 conditionally to the event A in order to buy one unit of the asset. This implies no net cash- ‡ow at T 1 .
² if bought, sell the asset at date T 2 for a price Z T 2 and repay the loan.
The pay-o¤ at date T 2 is thus equal to V (A; T 1 ; T 2 ) :
If the initial price of the CF S is non zero, it is possible to buy (sell) the CFS and enter the symmetric cash-and-carry strategy. This de…nes an element in M with a certain constant positive payo¤ at null cost. Because of assumption (1), this is in contradiction with the viability hypothesis. The price of the CF Ss are thus necessarily equal to zero:
Because Ã and ¼ are identical on M; this leads to
Writing the preceding equality for any A in F T 1 yields
which is the de…nition of a (F t ) t·T martingale.
C Proof of theorem 7
We refer to Yor, (Yor 1997) (pp. 120) , for the convergence of W n : We follow Benjamini and Lee, (Benjamini and Lee 1997) , to show that W t is a P » Brownian motion.
By the Ito formula, it follows that, whatever n, the process (h (t; B t ) £ W n t ) 0·t<T is a martingale under P . (W n t ) 0·t<T is thus a P » :martingale. Now, by the Itô formula we have 8s 2 R : e
and thus
and by dominated convergence
We recognize an ODE on { (t) = E » ¡ e isWt ¢ that we integrate
The same holds whatever 0 < t 1 < ::: < t n < T and (s 1 ; ::: It is thus natural to look for » (x) equal to
Fortunately, Hermite polynomials satisfy the simple recurrence relationship
which provides a simple expression for » 0 :
Another interesting property of Hermite polynomials is that 8n :
In this particular case, Theorem 7 reads Legend of Figure 1 Example of a density going negative.
Legend of Figure 2
Trajectories with initial point inside the con…ned zone.
Legend of Figure 3 Trajectories with initial point upon the con…ned zone.
Legend of Figure 4
Trajectories with initial point below the con…ned zone. 
